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Abstract. We consider Fano threefolds V with canonical Gorenstcin 
singularities. A sharp bound — K v < 72 of the degree is proved. 



1. Introduction 

In this paper we study Fano threefolds with canonical Gorenstein singu- 
larities. Such varieties appears naturally in the minimal model theory that 
explains the following result due to Alexeev: 

Theorem 1.1 QlJ). Let Y be a Q-Fano threefold with Q-factorial terminal 
singularities and Picard number 1. If the anti- canonical model <S>\_k y \(Y) 
is three-dimensional, then Y is birationally equivalent to a Fano threefold 
V with canonical Gorenstein singularities and base point free linear system 
\-K v \. 

G. Fano [7], [8] studied algebraic threefolds V C P n whose general linear 
sections V fl f n ~ 2 are canonical curves. Under some additional assumptions, 
these varieties also are Fano threefolds with canonical Gorenstein singulari- 
ties (see [3]). 

By the main result of [2] the degree of Fano threefolds with canonical 
Gorenstein singularities is bounded. An explicit bound — K 3 < 184 was 
obtained by Cheltcov [33]. However it is very far from being sharp: 

Conjecture 1.2 (Fano, Iskovskikh). Let V be a Fano threefold with canon- 
ical Gorenstein singularities. Then —K v < 72. 

A sharp bound of the degree was known under additional restrictions to 
singularities: 

Theorem 1.3 ([21]). Let V be a Fano threefold with terminal Gorenstein 
singularities. Then X can be deformed to a nonsingular Fano threefold. In 
particular, —K v < 64. 

Moreover, Mukai's vector bundle method can be applied in this case to 
obtain a classification of Fano threefolds with terminal Gorenstein singu- 
larities [23J. In the canonical case the situation is more complicated: the 
assertion of Theorem [L3] is no longer true that shows the following example. 



The work was partially supported by grants RFFI 02-01-00441, NS-489.2003.1, NS- 
1910.2003.1, and OM RAN. 
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Example 1.4 (cf. [7], [T2"j Ch. 4, Remark 4.2]). Weighted projective spaces 
P(3, 1, 1, 1) and P(6, 4, 1,1) are Fano threefolds with canonical Gorenstein 
singularities. Here — K 3 = 72, so they cannot be deformed to smooth ones. 

The main result of this paper is the following theorem. 

Theorem 1.5. Let V be a Fano threefold with canonical Gorenstein singu- 
larities. Then —K v < 72. Moreover, if the equality —K v = 72 holds, then 
V is isomorphic to a weighted projective space in Example 11.41 

Thus the present paper completely proves Fano-Iskovskikh Conjecture. 
The following is an immediate consequence of our results. 

Corollary 1.6. Let V C P n be a normal projective threefold such that the 
following condition holds: 

(f ) a general hyperplane section V D P™" 1 is a K3 surface with at worst 
Du Val singularities. 

If degV > 72, then V is a cone. 

Indeed, according to [3] (see also [36]) the variety V is Gorenstein and 
the anti-canonical class — Ky is the class of hyperplane section. If the sin- 
gularities of V are rational, then they are canonical and by Theorem 11.51 
deg = — K v < 72. If the locus of non-rational singularities is non-empty, 
then it is zero-dimensional and by the main result of [IT] we obtain that V 
is a cone. 

Similarly we have 

Corollary 1.7. Let U C P™ be a normal projective threefold such that the 
following condition holds: 

(ff) a general hyperplane section U D P n_1 is an Enriques surface with 
at worst Du Val singularities. 
If degU > 36, then U is a cone. 

Indeed, assume that U is not a cone. Then according to [35] (cf. [1]), 
the variety U is Q-Gorenstein, has only canonical singularities, and its anti- 
canonical Weil divisor — Ky is Q-linearly equivalent to the class of hyper- 
plane section H . This means that n(Kjj + H) ~ for some n 6 N. The 
divisor Ky + H defines an n-sheeted covering it : V — > U which is etale over 
the smooth locus of U. Then the variety V satisfies the conditions of Theo- 
rem [T3] and therefore, —K v , < 72. Hence, deg?7 = — K v = —K v /n < 36. 

Note that in contrast with Corollary II .6[ the bound in Corollary II .71 is not 
sharp. For example it is easy to show that an involution can not act on vari- 
eties from Example 11.41 so that the quotient has only canonical singularities 
and the action is free in codimension two. Therefore, degU ^ 36. 

We give one more consequence of our theorem. 

Corollary 1.8. Let X be a Fano threefold with canonical {not necessarily 
Gorenstein) singularities. Assume that 
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(i) the image Q>\_k x \(X) of the map given by the anti- canonical linear 
system is three-dimensional; 

(ii) a general element F G | — Kx\ is irreducible and has at worst Du 
Vol singularities. 

Then dim | — Kx\ < 38 and the inequality is sharp. 

The proof of the corollary is similar to that of Corollary 4.6 in [I]: consider 
a Kx + | — i^x|-crepant modification /: (Y, £y) — > (X, \ — Kx\) of the pair 
(X, | — Kx\). Then the linear system Ly C | — Ky\ is base point free and 
defines a morphism g: Y — > F N whose Stein factorization Y —>■ V — > g(Y) 
gives us is a Fano threefold V with canonical Gorenstein singularities. By 
our theorem dim | — Kx\ < dim |£y| < dim | — Ky\ < 38. 

The last corollary is an argument justifying the conjecture that the bound 
in Theorem 11.51 holds for all Fano threefolds with canonical singularities (H. 
Takagi). 

In conclusion, we note that in the case, when the variety V has only 
cDV singularities, the bound — K v < 72 is not sharp. We expect in this 
case the better bound — Ky < 64. The proof can be obtained by a small 
modification of our method. On the other hand, the following conjecture 
looks very realistic: 

Conjecture 1.9 (cf. Theorem 1 1.31) . Let V Fano threefold with only cDV sin- 
gularities. Then V has a smoothing by a small deformations. In particular, 
-K v < 64. 

Remark 1.10. Rationality questions for Fano threefolds satisfying condi- 
tions of Theorem 11.51 were discussed in [26] . 

1.11. We illustrate the proof of Theorem 11.51 on its two-dimensional ana- 
logue. More precisely, we reprove a well-known fact: the degree of a del 
Pezzo surface V with Du Val singularities is bounded by 8 (if V is singular). 
Let V be a del Pezzo surface with Du Val singularities of degree K v = d. 
Assume that V is singular. If d > 3, then the anti-canonical linear system 
defines an embedding V ^ F d . Consider the linear system "K C | — Ky \ of 
hyperplane sections passing through a singular point P € V. Let <fi : W — > V 
be the minimal resolution. Then <f)*(Kv + 5C) = Kw + 'Kw + B, where "Kw 
is the proper transform of 'K and B is a nonzero effective divisor. Run 
the Minimal Model Program with respect to Ky/ + "Ky/. Since the linear 
system "Ky/ has no fixed components, we do not leave the category of non- 
singular surfaces. At the end we get a pair (X, "Kx) having a nonbirational 
Kx + 3"Cx-negative contraction. There are two possibilities. 

a) X ~ P 2 . Then d - 1 = dim "K = dim "K x < 5. 

b) X ~ F n . Then "Kx is a linear system of sections of the projection 
¥ n -> P 1 . 

Note that the birational transform of the linear system | — Ky \ is contained 
in | — Kx | • In particular, | — Kx \ has no fixed components. In case b) this 
is possible only if n < 2 and then d = dim | — Ky\ < dim | — Kx\ < 8. 
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Our proof in the three-dimensional case follows the one outlined above. 
However it is much more complicated because of numerous technical details. 
Let us explain three-dimensional case in details. 

Definition 1.12. A projective algebraic variety W is called a weak Fano 
variety, if its anti-canonical divisor is a nef and big Q-Cartier divisor. 

Let V be a Fano threefold with canonical Gorenstein singularities. Con- 
sider its terminal Q-factorial modification 0: W — > V (see Proposition 13. 5p . 
Here K\y = <fi*Ky and W has only terminal Q-factorial Gorenstein singu- 
larities. According to [H3, Lemma 5.1] any Weil divisor on W is Cartier, i.e., 
W is factorial. Conversely, for any weak Fano threefold W with terminal 
factorial singularities, its multiple anti-canonical image V = $\- n K w \(W), 
for some n e N, is a Fano threefold with canonical Gorenstein singularities. 
Moreover, Ky/ = <fe*Ky and — K v = —K^. Thus the inequality in Theorem 
11.51 is equivalent to the same inequality for the degree of weak Fano three- 
folds W with terminal factorial singularities. On such varieties i^-negative 
extremal rays are completely classified [5J. Simple analysis of the structure 
of extremal rays shows that, for W, having the maximal degree > 72, the 
corresponding variety V either is singular along a line or contains a plane. 
Further, as in our two-dimensional analog the bound of the degree of V is 
obtained by detailed analysis of the linear system of hyperplane sections 
passing through this line or plane. 

The work was conceived during the Fano Conference (Turin, 2002) and 
basically completed at the Kyoto Research Institute for Mathematical Sci- 
ences (RIMS) in 2002-2003. The author is grateful to organizers of the 
conference for invitation and RIMS for the support and very nice working 
environment. The author also would like to thank H. Takagi, D. Orlov, I. 
Cheltcov, P. Jahnke and I. Radloff for some useful discussions. 



2. Notation, conventions and preliminary results 

2.1. In this paper we work over C, the complex number field. All Fano 
varieties are usually supposed to be three-dimensional. However Lemmas 
l4.2l and [4.3l hold in arbitrary dimension modulo the Minimal Model Program 
(MMP). Always when we say that a variety has, say, canonical singularities, 
it means that singularities are not worse than that. Usually we do not 
distinguish between Cartier divisors and corresponding invertible sheaves. 

Notation. By F n we denote a rational scroll (Hirzebruch surface) and by 
£ = S n and I — l n we denote its minimal section and fiber, respectively. For 
n > 1, there exists a contraction F n — > W ra of the minimal section E, where 
W n is the cone over a rational normal curve of degree n in P". The vertex 
of this cone will be denoted by O = O n . 
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2.2. Everywhere below we assume that V is a Fano threefold with canonical 
Gorenstein singularities. Using the Riemann-Roch formula and Kawamata- 
Viehweg Vanishing Theorem, it is easy to find the dimension of the anti- 
canonical linear system (see [29]): 




Theorem 2.4 ([29]). A general member L G | — Ky\ has only Du Vol 
singularities. 

The following proposition is an easy consequence of Theorem 12.41 and 
corresponding facts on K3 surfaces [30] . 

Proposition 2.5 ( [T2l Ch. 1, Proposition 6.1], [31]). In the above notation, 
assume that Bs | — Ky\ ^ 0. Then one of the following holds: 

(i) the scheme Bs | — Ky\ = C is a (reduced) nonsingular rational curve 
and a general divisor L G | — Ky\ is also nonsingular along C ; in 
particular, C D Sing V = 0; 

(ii) Bs | — Ky\ = {P} is a point, a general divisor L G | — Ky\ has 
at P an ordinary double singularity and P G Sing V (in this case 



-Ky = 2). 

Proposition 2.6 ([35], cf. [H Ch. 1, §6], see also [15]). If Bs \ - Ky\ ^ 0, 

then -Kl < 46. 



Similar to the nonsingular case (see [12]) one can easily prove the following. 

Proposition 2.7. In the above notation, let® = Q\_k v \ '■ V V C P 9+1 be 
the anti- canonical map, where V = 3>(V). Then dimV > 2 and dimV = 2 
if and only z/Bs | — Ky\ ^ . If Bs \ — Ky\ = 0, then one of the following 
holds: 

(i) $ : V — ► V is double cover, in this case V C F 9+1 is a variety of 
degree g — 1; 

(ii) $ : V — >• V is an isomorphism. 

Proposition 2.8 ([35], cf. [T2], Ch. 2, §2]). In case (i) of Proposition I2T7I 
the following inequality holds: —K v < 40. 

3. Some facts from the minimal model theory 

Basic definitions and facts from the minimal model theory can be found in 
numerous surveys and textbooks (see, e.g., [H]). Here we recall only these 
facts which are not included in the most of surveys. 
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(2.3) 




Denote g := — ~ 



\K V + 1. This number is called the genus of V . Thus, 
-K v = 2g-2 and dim | - K v \ = g + 1. 



Singularities of linear systems (see pQ). Let X be a normal variety and 
let IK be a linear system (of Weil divisors) without fixed components on 
X. For any birational map if>: X Y, we denote the proper (birational) 
transform if>*!K of IK by "Ky. Sometimes, if it does not cause confusion, we 
will write IK instead of "Ky. Assume that Kx + H is a Q-Cartier divisor 
for H 6 IK. For any good resolution / : Y — > X of singularities of the pair 
(X, IK) we can write 

Ky + %y = f*(K X + IK) + a ( E > W) E > 

E 

where E runs through all exceptional divisors and a(E, IK) G Q. Here and 
below in numerical formulas we will use notation IK, IKy and so on, instead 
of general members of these linear systems. We say that a pair (X, IK) has 
canonical singularities (or simply a pair (X, IK) is canonical), if a(E, IK) > 
for all E. If a general member of IK is irreducible, then a pair (X, IK) 
is canonical if and only if so is the pair (X, H) , where H 6 IK is a general 
divisor [TTl Th. 4.8]. The Log Minimal Model Program works in the category 
of three-dimensional canonical Q-factorial pairs [1J. 

Lemma 3.1. Let (X, £) be a canonical pair and let X Y be a birational 
map such that the inverse map does not contract any divisors (birational 
1-contraction in Shokurov's terminology) . Assume that Kx + £ = 0. Then 
the pair (Y, L>y) is also canonical and Ky + Ly = 0. 

Proof. Consider a "Hironaka hut" 

U 

h 

x ^ Y 

Let {Ei} be the set of all /I'-exceptional divisors. Write 

Ku + Lu = h*(K x + Z x )+J2^ E i, «i>0> 

Ku + Lu = h'*(Ky + &y)+J2 b iEi. 

Then hEi = ttiE^. This gives us a« = bi (see [371 1-1])- D 

Definition 3.2. Let (X, £) and (X', £/) be log pairs. A birational morphism 
/: (X, £) — > (X', &') is said to be K + L-crepant, if 

K x + H = f*(K x > + C), = 

A birational map (X, £) ---» (X', £') is said to be crepant, if there exists a 
normal variety C/ and a commutative triangle of K + L-crepant birational 
morphisms 

U 

X -X' 
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Lemma 3.3 ( [TTJ, Lemma 3.10]). Let (X,&) be a canonical pair and let 
X ---> Y be a crepant birational map. Then the pair (Y, £y) is also canoni- 
cal. 

Lemma 3.4. Let (W, !K) be a canonical pair. Assume that 

(i) X has only Q-factorial terminal singularities; 

(ii) the linear system "K is nef; 

(iii) "K consists of Cartier divisors. 

Then the steps of the K + "K-Minimal Model Program preserve properties 
(i)-(iii). 

Proof. Let ip: W — *> W be an extremal Kw + J{-negative contraction and 
let (as usual) "K' = ip^'K. Since the linear system "K is nef, this contraction 
is also .Kvy-negative. Therefore the property (i) is kept under divisorial 
contractions and flips. 

Assume that the contraction ip is divisorial. Then the variety W is ter- 
minal. Let C be a contractible curve. If IK • C = 0, then by properties of 
extremal contractions, "K = ip*"K' and CH 7 is a linear system of nef Cartier 
divisors on W' . Assume that "K ■ C > 1. Then —Kw • C > 1. In particular, 
<p contracts a divisor E to a point P' G W (see [2H 2.3]). So the linear 
system CK' is nef. Indeed, if R' C W is an arbitrary curve and R C W is its 
proper transform, then "K' ■ R' > % ■ R > 0. For a general divisor H e !K, 
the restriction v^Ih: H ^ H' = ip(H) is a birational contraction of normal 
surfaces with Du Val singularities (because pairs (W, "K) and (W, "K') are 
canonical). By the Adjunction Formula the divisor — Kh = —{Kw + H) is 
</3|#-ample. Hence discrepancies of all exceptional over P' G H' divisors are 
strictly positive O Lemma 3.38]. This means that the point P' G H 1 is 
nonsingular. Therefore so is the point P' G W (see [3Tt Corollary 3.7]) and 
H' is a Cartier divisor at P 1 . 

Assume that the contraction ip is small (flipping). Consider the flip W 

VF' < — W + . Let C be an exceptional curve. According to [211 2.3] we have 
—Kw ■ C < 1. Hence % ■ C = 0. As above, by properties of extremal 
contractions, "K = ^"K' and 0~C' is a linear system of nef Cartier divisors on 
W. Therefore properties (ii)-(iii) hold for "K + = x/j*^K'. □ 



Terminal modification. 

Proposition-definition 3.5 ([28], [2TJ, [HI Th. 6.23, 6.25]). Let X be 

a threefold with only canonical singularities. Then there exists a threefold 
Y with only Q-factorial terminal singularities and a birational contraction 
f: Y — > X such that Ky = f*Kx- Such an f is called a terminal Q-factorial 
modification of X. 
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4. Contractions of extremal rays on weak Fano threefolds 

To work with Fano varieties it is very convenient to use the following def- 
inition which was introduced in the unpublished preprint of V.V. Shokurov 
and the author. 

Definition 4.1. A 0-pair is a pair (X, D), consisting of a projective algebraic 
variety X and a boundary D on X such that 

(i) (X, D) is Kawamata log terminal; 

(ii) K x + D = 0. 

We say that 0-pair (X, D) is generating, if X is Q-factorial and components 
of D generate the group X X (X) of M-divisors modulo numerical equivalence. 
The following two lemmas are easy consequences of the log Minimal Model 
Program. 

Lemma 4.2 (|2Zj)- Let (X,D) be a generating 0-pair. 

(i) There exists a boundary A such that the pair (X, A) is Kawamata log 
terminal, the divisor — (Kx + A) ample and Supp(A) = Supp(D). 

(ii) The Mori cone NE(X) is polyhedral and generated by contractible 
extremal rays (i.e., rays R, for which there exists a contraction 
lPr : X — > X' in the sense of Mori [20\, a morphism (f^ of nor- 
mal varieties with connected fibers such that the image of a curve C 
is a point if and only if [C] G R) . 

(iii) B -Minimal Model Program works with respect to any (not necessar- 
ily effective) divisor 0. 

Lemma 4.3 ([27]). Let (X, A) be a Q-factorial Kawamata log terminal pair 
such that the divisor —(K x + A) is nef and big. Then there exists a boundary 
D such that (X, D) is a generating 0-pair. 

Lemma 4.4. Let (X, D) be a generating 0-pair and let M be an integral nef 
Weil divisor on X. Then H\X, M) = for alli>0. 

Proof. By Lemma 14.21 there is a boundary A such that the pair (X, A) is 
Kawamata log terminal and the divisor —(Kx + A) is ample. Now the 
statement follows by the Kawamata- Viehweg vanishing theorem. □ 

Let R C NE(X) be a (not necessarily .fT-negative) extremal ray on a 
normal projective variety X. Put 

Ex(R) = |J C. 

[C\eR 

We say that a contractible extremal ray R is of type (n,m) if dimEx(i?) = n 
and dimip R (Ex(R)) = m. Further, we distinguish cases (n,m)~, (n,m) + and 
(n,m)° according to the sign of K x • R- 

Everywhere below we shall assume that IF is a weak Fano threefold with 
p(W) > 1 having only terminal factorial singularities. According to Lemma 
14.31 all the extremal rays on W are contractible. The anti-canonical divisor 
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— K\y defines a face of the Mori cone NE(W) and its contraction 0: W — > V 
to a Fano threefold with canonical Gorenstein singularities. 

Consider a birational i^-negative contraction /: W — > W. According to 
[2TI (2.3.2)] it is divisorial. 

Proposition-definition 4.5. Notation as above. Let S be an exceptional 
divisor. Iff: W — > W is of type (2,0)~, then one of the following holds: 

Case (2,0)7. W' also has only terminal factorial singularities and is a 
weak Fano threefold with —K^, > —K^; 

Case (2,0)-. S ~ P 2 , O s {S) ~ e> p2 (2) and f(S) e W is a point of type 

1(1,1,1)- 

Iff'- W —>■ W is of type (2,1) , then W also has only terminal factorial 
singularities and one of the following holds: 

Case (2,1)7. W' is also a weak Fano threefold with —K^, > —K^; 
Case (2,1)-. For C := f(S) we have Kyyi ■ C > and C is the only 
curve having negative intersection with Kw 1 - In this case, there exists a 
small contraction of C , C ~ P 1 and W smooth along C . There are two 
subcases: 

(2,1)- S-P^P 1 ; 
(2,1)- 

Proof. In case (2,0)~, the assertion follows by the classification of extremal 
rays on threefolds with terminal factorial singularities [5]. 

Consider case (2,1)". According to [5] the variety W smooth along C 
and / is the blow up of C. We have K w = f*K W i + 5" and 

K 3 W = K*,, + 3f*K w , ■ S 2 + S 3 . 

If W is a weak Fano threefold, then 

< (-K w ) 2 -S = 2f*K w ,-S 2 +S 3 , < (-K w )-(-f*K w ,)-S = f*K w ,-S 2 . 

This gives us Kyy > K^, 

Assume now that W is not a weak Fano threefold. Then Kw> ■ V > for 
some irreducible curve T. Let r C W be a irreducible curve dominating V. 
Since f*K W i ■ T > and K w ■ T < 0, we have S ■ T < 0. Therefore, T = C. 
By Lemma ET31 there exists a boundary D such that (W, D) is a generating 0- 
pair. Let D' := f*D. Since K w + D ~ 0, we have K w , + D' ~ and (W, D') 
is also a 0-pair. Further, D' ■ C < and C is the only irreducible curve with 
this property. By Lemma I4T21 the curve C generates an extremal ray and the 
corresponding contraction is small. From the Kawamata-Viehweg Vanishing 
Theorem one immediately obtains that C ~ P 1 (see [2TI Corollary 1.3]). 

Hence, S ~ F„ for some n > 0. Further, 

K^-S = -K w ■ C + 2 - 2 Pa {C) = 2-K w ,-C. 

It is clear that the restriction — Ky/\s is a section of the fibration S C. 
Let E be a minimal section and let I be a fiber. Then we can write 



(4.6) 



- K w \ s ~ £ + (n + a)l. 
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Since this divisor is nef, a > 0. Thus, 

(4.7) < -K w ■C = K 2 w -S-2 = {-K w \ s ) 2 - 2 = n + 2a - 2. 
This gives us n + 2a < 2, i.e., a = and n < 1. □ 
Corollary 4.8. Notation as above. We have the following table: 
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-K' A 


(2,l) ~o 


pi x pi 


£>(-2) © 0(-2) 


2 





-K'tv-2 


(2,1)* 


Fi 


£>(-!)© 0(-2) 


1 








Proof. In our two cases, we have —Kw\s ~ S + nZ, see (14.61) . From (14. 7p we 
get —Kw> ■ C = n — 2. Hence, 

deg N c /w = -K w > ■ C - 2 = n - 4. 

Thus, 

K z w = K z w , + 3f*K w , -S 2 + S 3 = K^, - 3K W , ■ C + 2 + K w , ■ C = 

= K^, - 2K W , ■ C + 2 = K z w , + 2{n - 2) + 2 = K^, + 2n - 2. 

□ 

Corollary 4.9. In case (2,1)^ , the image <p{S) of the exceptional divisor 
on V is a line (a rational curve T such that —Ky ■ Y — 1) and the variety 
V is singular along (p(S). 

In cases (2,1)^ and (2,0)^, <P{S) is a plane (a rational surface IT such 
that K v -n = l). 

Now we consider contractions of type (2,1)°. 

Lemma 4.10. Let X be a threefold with terminal factorial singularities and 
let f : X —* X' be an extremal contraction of type (2,1)°. Then the variety 
X' is 2-factorial {the last means that for any integral divisor G on X' , 2G 
is a Cartier divisor). 

Proof. Consider a general hyperplane section H' C X' and let H C X be 
a proper transform of H' . Pick a point P G X' fl f(E). We may assume 
that X' is a sufficiently small neighborhood of P. Then P G H' is a Du 
Val singularity, and /!#: H — > H' is its minimal resolution. Consider also 
a general section F' C X', passing through f(E). Write f*F' = F + rE, 
where F is the proper transform and r G N. Restricting to H we get fxF' H , = 
Fh+tEh. Here F' H , is a general hyperplane section of the singularity P G H'. 
Hence T := tEh is the fundamental cycle of a (Du Val) singularity P G H' . 
Write T = Ylli^i- All the components Tj are numerically proportional on 
X. In particular, all the Tj ■ T are non-zero, i.e., the fundamental cycle is 
relatively anti-ample. Assume that P G H' is not a singularity of type A\. 
Then, by definition of fundamental cycle, (r — Tj) ■ T 3 > for all j. So, 
> Y-Tj > —2. Hence, Y-Tj = —1 for all j. On the other hand, Yl'lj = ~ ^ 2 
is equal to the multiplicity of a rational singularity P G H', i.e., J^^j = 2- 
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This is possible only if T = r x + T 2 and P £ H' is a singularity of type A 2 . 
Thus we obtain two cases: 

(i) T = Ti and P £ if' is a singularity of type Ai; 

(ii) r = Yi + r 2 , r x = r 2 and P E H' is a. singularity of type A 2 . 

Let F' be an integral divisor on X', let F be its proper transform on X and 
let F ■ Ti = a. Consider, for example, case (ii). Then (F + arE) ■ Tj = 
a + aT ■ T{ = 0. By the Cone Theorem F + arE = f*F' and F' is a Cartier 
divisor. Similarly, in case (i) we get that 2F' is a Cartier divisor. □ 

Contractions to a curve. 

Proposition 4.11. Assume that on W there exists an extremal ray of type 
(3,2). Then -K^ < 54. 

Lemma 4.12. Assume that p(W) = 2 and the morphism <fr: W — > V con- 
tracts a divisor to a curve. Let S be a prime divisor on W . Then 

-i^<min(54, AK 2 W -S). 

Proof. Put S := 4>*S, d := — Kyy, S := ■ S and assume that d > 45. 
Since the variety V is Q-factorial and p(V) = 1, we have dS = —5K V . On 
the other hand, by Lemma I4.1UI the divisor G := 2(f)*S is Cartier. Thus, 
— Ky = £G, where A > 2. Let H be an ample generator of the group 
Pic(V) ~ Z. Then — Ky = rH, where r > 3. A general member H £ \H\ is 
a del Pezzo surface with Du Val singularities (see [31]). By the Adjunction 
Formula, —K H = (r — 1)H\h- Hence, H ~ P 2 or H is a quadric in P 3 . 
It immediately follows that V is isomorphic to P 3 or a quadric in P 4 . The 
first case is impossible because V is singular. In the second case, we have 
-K v = 54. □ 

Proof of Proposition 14.111 A general fiber W v of the corresponding contrac- 
tion is a smooth del Pezzo surface. Therefore, ■ W v = K^y < 9. By 
Lemma 14. 121 we have — < 54. □ 

5. The conic bundle case 

5.1. In this section, we shall assume that W is a weak Fano threefold with 
terminal factorial singularities such that there exists an extremal contraction 
f:W-^Z from W to a surface (i.e., of type (3,2)). The main result of this 
section is the following proposition. 

Proposition 5.2. (i) (cf. [22], [25]) The surface Z is smooth and is a 
weak del Pezzo surface. 

(ii) (cf. [6J) If f:W -> Z is not a ^-bundle, then -Kl, < 54. 

(iii) If f : W —>■ Z is a F 1 -bundle, then —K^ < 64 with a unique excep- 
tion: 

(*) -Kir = 72, Z ~ P 2 and W ~ P(O p2 © p2 (3)) (see Example 
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Proof, (i) According to [5] the surface Z is smooth and W/Z is a (possibly 
singular) conic bundle. Let £ := f*Gw(— Kw)- Then £ is a rank 3 vector 
bundle. Consider its projectivization P(£) and let M be the tautological 
divisor on P(£). There exists an embedding W P(£) such that — K\y = 
M\w and each fiber W z , z e Z is a conic in the fiber P(£) 2 of P(£)/Z (see 
[20], 0). 

Put L := f*Kyy- For m ^> the divisor m 2 L = f*(mKy/) 2 on Z is 
moveable and big. We have the standard formula — AK Z = f*K^ + A (see, 
e.g., [22] )• Here A is the discriminant of / (a reduced divisor on Z). Thus, 

(5.3) - AK Z = L + A. 

Assume that there exists an irreducible curve C C Z such that K z -C > 0. 
It follows from Q that (AK Z + A) ■ C = -L ■ C < 0. Therefore, A ■ C < 
and C 2 < 0. Consider two cases: 

C is a component of A. Then 

(5.4) - 2 < 2p Q (C) - 2 = (K z + C) ■ C < 

< (K z + A) • C = -(3K Z + L) ■ C < 0. 
Since K z ■ C is a positive integer, this gives us a contradiction. 
C is not a component of A. Then 

(5.5) - 2 < 2 Pa (C) -2 = (K Z + C)-C < 

< {K z + A + C) ■ C = -(3K Z + L) ■ C + C 2 < 0. 

As above we get a contradiction. Therefore, the divisor — K z is nef. From 
(15.31) we obtain that — K z is big. This proves (i). 

Let us prove (ii). Our proof is completely similar to that of [6], where 
the same bound was proved for smooth Fano threefolds with a conic bundle 
structure. 

The following lemma is well known, however the author could not find a 
suitable reference. 

Lemma 5.6. Let f : X — > Z be a (possibly singular) conic bundle over a 
smooth surface. Assume that the discriminant curve A is a tree of rational 
curves. Then A = and f is a ^-bundle (in particular, X is smooth). 

Proof. According to [33l Theorem 1.13] there exists a standard model, i.e., 
the following commutative diagram 

X - - - X' 

f 

Z^—Z' 

where /' is a standard conic bundle, a is a composition of blowups over the 
finite set M := /(Sing(X)) and X' — - » A is a birational map which is an 
isomorphism over X \ f~ 1 (M). The discriminant curve A' of a standard 
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conic bundle /' is contained in a X (A) U a 1 {M). Therefore it is also a tree 
of rational curves. It follows from the Artin-Mumford exact sequence that 
A' = 0, i.e., /' is a PMiundle. 



Lemma 5.7 (cf. 



Lemma 4]). Let f : X -> Z be a P 1 -bundle over 



a non-singular surface Z. Assume that there exists {—l)-curve C C Z and 
let 5: Z — > Z' be the contraction of C . 

(i) The relative Mori cone NE(X/Z') is generated by classes of two 
curves: the fiber of the projection f and the minimal section E of 
the scroll f-\C). 

(ii) Let f-\C) ~ F n . Then K x • S = n - 1. 

(iii) Ifn — 0, then there exists a commutative diagram 



X 



X' 

f 

Z' 



where a is the contraction of f~ l (C) ~ P 1 x P 1 to t/ie second gen- 
erator and f is a P 1 -bundle. 
(iv) If n = l, then there exists a commutative diagram 



X 



x- 



X' 



r 



z -Z' 

where x is a flop, o is an extremal divisorial contraction of a divisor 
to a nonsingular point and f is a P 1 -bundle. 
(v) If n>\, then there exists a commutative diagram 

U 





X 



X' 





where a is the blowup ofH, a' is the contraction of the proper trans- 
form of f~ l (C) and f is a P 1 -bundle. In this case cr /_1 (C) ~ F m 
with m < n. 

Proof. Put D := / _1 (C). The statement of (i) is obvious because p(X/Z') = 
2. (ii) follows from the equalities 

-2 = (K D + S)-S = (K x + D)-Z-n = Kx-X+FC-'E-n = K x -E + C 2 -n. 

To prove (iii) one has to check the contractibility criterion of the surface 
D ~ P 1 x P 1 to the second system of generators. Let us prove (iv) (cf. [TU 
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§4.1]). Since Kx • S = 0, there exists a flop x : X — * X + with center along 
E. Here the anti-canonical divisor —Kx is nef over Z' and the same is true 
for -K x +. The Mori cone W>(X + /Z') (as well as NE(X/Z')) is generated 
by two extremal rays. One of them is small and generated by the flopped 
curve S + . Another one defines a lfx+-negative contraction a': X + — > X' 
over Z' . The variety X + is nonsingular [18j Th. 6.15] and the fiber of 
the projection X + — > Z' is two-dimensional and contains D + , the proper 
transform of D. It is easy to see that K x+ ■ D + = K 2 X ■ D (see [HI §4.1]). 
Hence, 

K x+ ■ D + = (K x + D) 2 -D- 2{K X + D) ■ D 2 = K 2 D - 2K D ■ D\ D = 4. 

According to the classification of extremal rays on nonsingular threefolds [20] 
the morphism a' can not contract a divisor to a singular point. Therefore 
X' is nonsingular. Since /' is smooth outside of the fiber / /_1 (5(C)), /' is 
smooth everywhere [20| Th. 3.5]. Therefore /' is a P 1 -bundle. If f'(D + ) is 
a curve, then a' is the blowup of the fiber of the morphism /'. But then 
/' _1 (5(C)) = D + ~ P 1 x P 1 and on X + there is no small contractions. A 
contradiction proves (iv). 

Finally, let us prove (v). Let E be the exceptional divisor of the blowup 
a, let Djj be the proper transform of D on U, and let D' := cr'(E). It is 
clear that the divisor Djj satisfies the contractibility criterion onto a curve. 
Thus there exists a contraction a': U — > X' over Z, where the variety X' 
is nonsingular. Since the restriction <j'\e' E — > D' is an isomorphism, it is 
sufficient to show that E ~ F TO with m < n. For the normal sheaf we have 
a decomposition N^/x = Of 1 (a) © Opi(b), a > b. Then m = a — b. On the 
other hand, we have an exact sequence 

— > N^/ D — > iV s/x — -> A^d/xIs — -> 0. 
(5-8) || || 

Opi(-n) Ppi(-I) 

This gives us 

a + 6 = deg iV S/ / D + deg A^ D/X | S = —n - 1. 

Hence, n = —a — 6 — 1. If — rt > 6, then in (15.81) the projection Opi(-n) to 
the second summand of Ny,/ x is trivial and — n = a. Therefore, b = — 1 and 
m = a — 6 = 1 — n < n. If — n < b, then a + 1 < and 

m = a — b < —1 — b < —a — b — 2 = n — 1. 

□ 

Now we finish the proof of Lemma 15.61 According to Lemma 15.71 we can 
contract all the (—1) curves in a~ 1 (M). More precisely, there exists the 
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following commutative diagram 

X°"--X' 



where f° is a P 1 -bundle and birational map X' — - » X° is an isomorphism 
over X\f° (M). Therefore, conic bundles X/Z and X°/Z are isomorphic 
in codimension one. But then they are isomorphic everywhere, X is smooth 
and / is a P 1 -bundle. □ 

Thus we may assume that in case (ii) the discriminant curve is non-empty. 

Lemma 5.9. (i) A 3K Z - ci(£); 

(ii) W ~2M + f*(-K z - Cl (£)); 
(hi) -K$y = ci(£) • {-K z + Cl (£)) - 2c 2 (£). 

Proof. The assertion (i) can be found in [33l §1]. For the proof of (ii) we 
note that W ~ 2M + /*G for some divisor G on Z. Since K V{E) = -3M + 
/*(ci(£) +-RTz), by the Adjunction Formula G ~ -ci(£) -i^z. Finally, (iii) 
follows from (ii) and the fact that — Kw = M\w D 

We may assume that — Ky is very ample (see [35]). Then the linear system 
| — Kw\ = \M\\w defines a morphism W —>■ P 9+1 , which maps fibers / to 
conies in P 9+1 . Let be a fiber of P(£) -> Z and let W, := P^ n W. Since 
the linear system | —K w \\ Wz defines an embedding, so do |M|| P 2. Therefore, 
the linear system \M\ has no base points. This means that the vector bundle 
£ is generated by global sections. In particular, the class Ci(£) = — 3K Z — A 
is nef and c 2 (£) > 0. Thus, 

-K$y < (-3K Z - A) ■ (-AK Z - A) = 12K 2 Z + 7K Z ■ A + A 2 . 

By Lemma [5.61 we have p a (A) > 1. Now our assertion is a consequence of 
the following. 

Sublemma 5.10. Let Z be a smooth weak del Pezzo surface and let A be a 
reduced curve on Z such that p Q (A) > 1 and the divisor —3K Z — A is nef 
Then Y1K\ + 7K Z ■ A + A 2 < 54. 

Proof. Let a: Z — ► Z' be a contraction of a (— l)-curve L. Put A' := er(A). 
Then fT^ = d*^' + L and A = a* A' — aL, where a > 0. Therefore, 

2p a (A) - 2 = (K z + A) • A = [K z , + A') • A' + (a - l)aL 2 < 2p a (A') - 2, 

12^1 + 7fT z • A + A 2 = 12((7*ii:^ + L) 2 + 7((x*K Z / + L) • (a* A' - aL) 

+ (a* A' - aL) 2 = 12iTf, - 12 + 7K Z > ■ A' + 7a + (A') 2 - a 2 

< 12K|, + 7K Z , • A' + (A') 2 . 

Thus we may assume that the surface Z contains no (— l)-curves, i.e., Z is 
isomorphic to P 2 or F n with n = 0, 2. 
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Consider the case Z ~ P 2 . Let d := deg A. Since the divisor —3K Z — A 
is nef, we have 3 < d < 9. Hence, 

12K 2 Z + 7K Z ■ A + A 2 = 108 - 21d + d 2 < 54. 

Now consider the case Z ~ F n , n = 0, 2. Let £ be the minimal section 
and let I be a fiber. We can write A ~ «S + (31 for some a,j3 G Z. Since 

Pa(A) > 1, 

< (K Wn + A) ■ A = -na(a - 2) + (a - 2)/? + a(/3 - 2 - n) = 

(a - l)(-na + 2 / g-2) -2. 

In particular, a > 2. This gives us — na + 2/3 — 2 > 1, 2(3 > 3 + na. Further, 

Y2K\ + 1K Z • A + A 2 = 96 + Una - 14/3 - 7na - 14a - no 1 + 2afi 

= (7 -a)(na- 2/3 + 14) -2. 

Since the divisor 

-3fG - A ~ (3 - a)E + (6 + 3n - (3)1 
is nef, a < 6. Hence, 

(7 - a)(na - 2/3 + 14) - 2 < 11(7 - a) - 2 < 53. 

□ 

5.11. Let us prove (iii). Additionally to l5.1l we now assume that /: W — > Z 
is a P 1 -bundle (in particular, W is smooth). Then W = P(£) for some rank 
2 vector bundle £ on Z. Let L be the tautological divisor. 

By the relative Euler exact sequence 

(5.12) - Kw = 2L + f*(-K z - Cl ). 
The Hirsch formula gives us 

(5.13) L 2 = L ■ f*a — f*c 2 . 
Combining we obtain L 3 = c 2 — c 2 and 

(5.14) - Kir = QK 2 + 2c\ - 8c 2 . 
By the Riemann-Roch Theorem and the Serre duality 

(5.15) /i (£) + /i (£®det£*®w z ) > - [c\ - 2c 2 - K z ■ a) +2. 
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Case Z = P 2 . Denote G := f*h, where h is a line on Z = P 2 . If c\ even, 
we can put c\ = —2. Then L 2 ■ G = —2 and — = 62 — 8c 2 . Assuming 
—K'w > 64, we obtain c 2 < — 1. From (15.151) we have h°(E) > 1 — c 2 > 2, i.e., 
dim \L\ > 1. Since L 2 • G < 0, the linear system \L\ has a fixed component. 
On the other hand, Pic(W) = Z • M © Z • G. Therefore, |L - G| ^ 0. But 
then 

< (~K W ) ■ (L - G) ■ G = (2L + 5G) ■ (L - G) ■ G = 2L 2 ■ G + 3L ■ G 2 = -1, 
a contradiction. 

Assume that ci(£) is odd. Then the anti-canonical divisor — Kw is di- 
visible by 2: -K w = 2D, where D = L + \f*{-K z - Ci(£)). In this 
general member D G \D\ is a weak del Pezzo surface with Du 
Val singularities (see [31]). Then —K'w = %K 2 D . Assuming — > 64, 
we obtain K 2 -, = 9, D ~ P 2 and D D = —K D . Note that the restriction 
H°(W,O w (D)) -> H (D,O D (D)) is surjective. Therefore, the divisor D is 
very ample and defines an embedding V = Vg •—>■ P 10 so that fibers / are 
mapped to lines in P 10 . Note that 0: W — > V is an extremal contraction. 
If is of type (1,0)°, then V has only terminal Gorenstein singularities. In 
this case, by Theorem 11.31 we have — < 64. Assume that : W — > V 
is divisorial and let E be an exceptional divisor. Then V is Q-factorial and 
p(V) = 1. Since D ~ P 2 , L> does not meet fibers of 0, i.e., (j)(D)f](j)(E) = 0. 
This is possible only if </>(-£>) is a point. Therefore, V is a cone over <fi{D). 
In other words, ~ P(3, 1, 1, 1). We get case (*). 

Further, we consider the case when Z ~ F n with n = or 2. Let S and / 
be the minimal section and a fiber of F n respectively. We may assume that 
c\ = Ci(£) = aS + 6/ and c 2 = c 2 (£) = c. If both numbers a and b are even, 
we can put c\ = 0. From (15.121) we obtain 

-K w = 2L- f*K z = 2D. 

where D ~ L + + (1 + n/2)l). As above a general member D e |D| is 
isomorphic to P 2 . On the other hand, there is no dominant morphisms from 
P 2 to F n , a contradiction. 

Case Z ~ P 1 x P 1 . In this case we can permute a and b. 

Case: a is odd, b is even. We may assume that C\ = — 3S. From (I5.12p . 
(15331 and fl5TT4D we get 

L 2 ■ /*E = 0, L 2 ■ f*l = -3, 

-K w = 2L + f(5£ + 2Z), -^ = 48 -8c. 
Hence, c < —2. By (15.151) we have 

/i°(£) + h°(£ ® £>(£ - 2/)) > -(-2c + 3K Z ■ E) + 2 = -c - 1 > 0. 
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Therefore one of the following holds: \L\ ^ or \L + /*£ — 2f*l\ ^ 0. On 
the other hand, 

< -K w -L-f*l = (2L + /*(5£ + 2/)) ■ L ■ f*l = -1, 
< ■ (L + /*£ - 2/*/) ■ /*£ < 0, 

a contradiction. 

Case Ci = — E — I. As above, 

L 2 • /* £ = L 2 ■ /*/ = -1, -F/ w = 2L + 3/*(E + /), 

-K%y= (2L + f*(SE + 3/)) 3 = 52 - 8c. 

This gives us c < — 2. By (15.151) we have 

h°(E) + h°(E ® C(-E - /)) > 1 - c> 0. 

Therefore, |L| 7^ 0. Since L 2 -/*E = L 2 -f*l = —1, |L| has a fixed component. 
Write L = F + |M|, where F is the fixed part. Then M = f*Q, where 
Q ~ aE + ftl, a, ft > 0. This gives us 

< F ■ ■ /*/ = (£ - /*(<*£ + ■ (2^ + 3/*(E + /)) ■ f*l = l-2a 

Hence, a = 0. Similarly we get ft = and F = 0, a contradiction. 

Case Z ~ F 2 . 

Case ci = — E. Then 

L 2 -/*E = 2, L 2 -f*l = -l, -K w = 2L + /*(3E + 4/), 

- FjV = (2L + /*(3E + 4/)) 3 = 44 - 8c 2 . 

Hence, c 2 < — 3. By (I5.15P we have 

h°(E) + h°(E <g> C(-E - 4/)) > 1 - c 2 > 4. 

Hence, dim|L| > 2 (because dim|L| > dim \L — /*(E + 4/)|). Since L 2 ■ f*l < 
0, the linear system \L\ has a fixed component. Write \L\ — F + \M\, where 
F is the fixed and \M\ is the moveable part. Then 

-K w ■ (F + M) ■ f*l = -K w ■ L ■ fl = 1, 

Hence, ■ M ■ f*l < 1 and ■ F ■ f*l < 1. Since • /*E • /*/ = 2, 

the divisor /*E can not be a fixed component of \L\. Therefore, F has 
exactly one component which must be horizontal and M ~ /*(aE + /3Z) for 
some a, ft > 0. Then 

-AV -M-f*l = -K w ■ /*(aE + /?/) • /*/ = 2a. 

Thus, a = 0. But then 

-tfwr • F • /*E = • (L - /3/*Z) • /*£ = 2 - 2/5. 

The only possibility is ft = 1. In this case, dim |L| = dim |M| = dim \ l\ = 1, 
a contradiction. 
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Case Ci = —I. Then 

L 2 ./*£ = -l, L 2 -f*l = 0, 
-K W = 2L + /*(2E + 5/), -K^ = (2L + /*(3E + 5/)) 3 = 48 - 8c 2 . 

Thus, c 2 < -3. By f!ET5|) we have 

/i°(£) + /i°(£ ® 0(-2E - 3/)) > -c 2 + 1 > 4. 
Hence, dim \ L\ > 1. Since 

• L • /*E = (2L + /*(2E + 5/)) • L ■ /*E = — 1 < 0, 
/*£ is a fixed component of |L|. Further, 

• (L - /*E) • /*/ = (2L + /* (2E + 5/)) ■ (L - /*E) ■ /*/ = 0. 
This contradicts the fact that — K w is nef and big. 

Case c\ = — E — /. Then 

L 2 -/*E = 1, L 2 -f*l = -l, 

-K W = 2L + /*(3E + 5/), -KjV = (2i + /*(3E + 5/)) 3 = 48 - 8c 2 . 

Hence, c 2 < —3. By (I5.15P we have 

h°(E) + h°(E ® C(-E - 3/)) > 1 - c 2 > 4. 

Thus, dim | L | > 1. Since L 2 ■ f*l = — 1, the linear system \L\ has a fixed 
component. Write |L| = F + |M|, where F is the fixed and \M\ is the 
moveable part. Then 

-K w ■ (F + M) ■ f*l = -K w ■ L ■ f*l = 1, 

Hence, -K w ■ M ■ f*l < 1 and -K w ■ F ■ f*l < 1. Since -iT w • /* E • /*Z = 2, 
the divisor /*E can not be a fixed component of \L\. Therefore, F has 
exactly one component which must be horizontal and M ~ /*(aE + /3Z) for 
some a, (3 > 0. Then 

-M-f*l = -K w ■ /*(aE + /?/) • /*/ = 2a. 

Thus, a = 0. It follows that 

• F • /*E = • (L - /3/*0 • /* E = 1 - 2(3 < 0, 

a contradiction. 

Now we consider cases when Z contains a (— l)-curve. 

Lemma 5.16. If Z contains a (—l)-curve, then there exists a weak Fano 
threefold W satisfying assumptions of \h.\\ 15.111 and such that — K^, > 
— Kyy + 6. Moreover, if—K^i = — K%/ + 6, then the linear system \ —nK W i\ 
on W can contract only f '-vertical divisors. 
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Proof. Let C C Z be a (— l)-curve, let 5: Z — > Z' be its contraction, and 
let .D := / _1 (C). Then D ~ F n for some n. According to Lemma [5.7|, for 
the minimal section E of the surface D ~ F n we have > Kw • S = n — 1. 
Hence, n < 1. If n = 1, then again by Lemma [5.71 there exists the following 
commutative diagram 

w--*w + - 2 -+w 
f 



z *Z' 

where x is a fl°P> °" is an extremal divisorial contraction which contracts a 
divisor to a smooth point and /' is a P 1 -bundle. Then is again a weak 
Fano threefold, satisfying assumptions of 15.11 and 15.111 Since a contacts a 
divisor to a point, the same holds for W. It is clear that — = —K w+ = 
-K 3 w ,-8. 

The case n = can be treated by a similar way using (iii) from Lemma 
15.71 Here \ = id and a contracts a divisor S to a fiber of the morphism /'. 
Therefore, — = —K^, — 6. Moreover, if a(S) meets a .KV'-trivial curve 
C, then for its proper transform CcWwe have 

K w ■ C = a*K w , ■ C + S ■ C > K w < ■ C = 0, 

a contradiction. □ 

Now we finish the proof of Proposition 15.21 in case, when Z contains a 
(— l)-curve. By inductive hypothesis we may assume that — K^, < 72. If 
— Kw — 66, then — K w , = 72 and W is such as in (*). This contradicts 
to the second statement from Lemma 15.161 This completes the proof of 
Proposition 15.21 □ 

6. Construction 

6.1. As above, let W be a weak Fano threefold having only terminal factorial 
singularities. Let <fi: W — > V be a morphism defined by the linear system 
| — nKw\ for n ^> 0. Assume that —K w > 72. We may assume that 

(1) W has no extremal rays of type (3,1) and (3,2) (see Propositions 
ICTlandra: 

(2) W has no extremal rays of type (2,0)~ and (2,1)~ (see Proposition 
USD- 

Since W is a weak Fano, there exists at least one i^-negative extremal ray 
R on W. By the above, R is of types (2,1)^, (2,1)~ or (2,0)~. 

6.2. Taking into account Corollary 14.91 we get that for V at least one of the 
following holds: 

(A) V is singular along a line T, or 

(B) V contains a plane n. 

For further inquiry it is very convenient also distinguish the following case: 
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(0) the variety V has at least one singular non-cDV point P. 



Recall that a three-dimensional singularity is said to be cDV, if it is hyper- 
surface and locally up to analytic coordinate change is given by an equation 
4>(x, y, z) + tip(x, y, z, t) = 0, where <p(x, y,z) = is an equation of a (two- 
dimensional) Du Val singularity [28] . 

Now out theorem is a consequence of the following. 

Proposition 6.3. Let V be a Fano threefold having only canonical Goren- 
stein singularities. Assume that V satisfies conditions (0), (A), or (B) of 
I6.2I Then —K v < 72. Moreover, if the equality —K v = 72 holds, then V is 
isomorphic to P(3, 1,1,1) or P(6, 4,1,1). 

If —K v > 54, then according to [35J (see §2]) the anti-canonical linear 
system | — Ky\ defines an embedding V ■=— > P 9+1 . Moreover, its image 
V23-2 C P 9+1 is an intersection of quadrics ( [35l Lemma 3]). Put L : = 
I — Ky\. Then dim£ = g + 1 > 38. Consider the following linear subsystem 

in case (0): % := {H E £ | H 3 P}; 
in case (A): "K := {H £ C \ H D T}; 
in case (B): := {H \ H + U G £}. 

It is clear that 

{dim£ — 1 in case (0), 

dim£ — 2 in case (A), 

dim£ — 3 in case (B). 

Now let L w and 'Kw be proper transforms of L and "K respectively. 

In case (0), according to [2H] there exists at least one exceptional divisor 
P>i with center at P and discrepancy a(-Bj) = 0. Write (p*'Kw = "K + B, 
where B — ^2 biBi is an (integral) nonzero effective exceptional divisor over 
P. Thus, 

K w + "Kw + B ~ 0. 

Similarly, in all cases we have 

. s Kw + Ww + B = (p*(K v + %) ~ 0, (cases (0) and (A)), 
[bA) K w + % w + B = <jf {K v + % + IT) ~ 0, (case (B)), 

where B is an integral effective non-zero divisor. 

Lemma 6.5. The image of the variety V under the map $;k given by the 
linear system % is of dimension 3. 

Proof. Note that in case (0), the map is nothing but the projection from 
P. Assume that dim ( l>^;(V r ) < 2. Then V is a cone over $>w(V) with the 
vertex at P. But in this case the singularity P G X can not be canonical 
(see, e.g., [28, 2.14]). 

Consider, for example, case (A) (case (B) is considered in a similar way). 
As above we note that $j< is the projection from the line V . If ^^(V) is 
a curve C, then the variety V is a cone over C with the vertex at T. But 
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then a general member L e L is also a cone with the vertex at L D T. This 
contradicts the fact that L is a K3 surface with Du Val singularities. Let 
now 3>:k(V) be a surface. Then a general fiber of the map V ---» $m(V) 
is one-dimensional. On the other hand, fibers of this map are cut out on V 
by planes A passing through T. Every such a plane cut out on V a scheme 
which is an intersection of quadrics. Therefore, A n V = T + T\, where Ta is 
a line and fibers of $j< are such lines Ta- Thus there is a line passing through 
a general point of V. In this case, it is easy to get the bound —K v < 46 
(see Lemma 5]). □ 

From Theorem 12.41 and Inversion of Adjunction [37J 3.3, 9.5] we immedi- 
ately obtain the following. 

Corollary 6.6. The pair (V, \ — Ky\) has only canonical singularities. 
We can write 

K w + L w = <j>*{K v + L) ~0. 
Hence the pair (W,£>w) is canonical. 

Remark 6.7. According to [281 Cor. 2.14] all the components of B are 
birationally ruled surfaces. 

Lemma 6.8. In notation I6.1|, we can take a modification <f> so that 

(i) the pair (W, "Kw) is canonical, and 

(ii) the linear system "Kw is nef. 

Proof. First we consider case (0). According to [2S1 Th 2.11] there exists a 
blowup 0i : Vi — > V such that 

(i) the variety V\ normal; 

(ii) the proper transform H\ of a general divisor H G % is Cartier and 
has only Du Val singularities; 

(iii) K Vl = 4>*Kv (in particular, K Vl is Cartier and V\ has only canonical 
singularities). 

By Inversion of Adjunction [371 3.3, 9.5] the pair (Vi,!Ki) is purely log 
terminal. Since the linear system Jii consists of Cartier divisors, the pair 
(Vi,0ii) is canonical. 

Consider a terminal Q-factorial modification g\\ W — > V\ of V\. The 
composition 

cj>:W^V x ^V. 
is a terminal Q-factorial modification for V . In this case, K\y = g*[Ky 1 and 
<K W = g^ix - E, where E > 0. Thus, K w + % w = g{{K Vl + %{) - E. 
Since the pair (Vi, "Ki) is canonical, E = and so is (W, 'Kw)- For another 
terminal modification 0': W — > V the map W --- » W is an isomorphism 
in codimension 1, so it is crepant. By Lemma [3.11 the pair (W',W) is also 
canonical. 

Since the linear system Jiw has no fixed components, there exists only a 
finite number of curves Cj C W having negative intersection numbers with 
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%w an d these curves are contained in Bs "Kw c _1 (P). Apply the "Kw- 
Minimal Model Program to W over V. After a finite number of CK^-flops 
we get a new terminal modification : W — > V with nef linear system Kw>- 
Replacing W with W we may assume that "Kw is nef. 

In cases (A) and (B) we show that the linear system Kw has no base 
points and fixed components. In particular, the pair (W, Kw) is terminal. 

Consider case (A). Since K is a linear system of hyperplane sections pass- 
ing through T, for the proof of the lemma it is sufficient to show only that the 
morphism is decomposed through the blowup of Y as a reduced subscheme 
in V. 

Since every crepant blowup can be extended to a terminal Q-factorial 
modification, our assertion is an immediate consequence of the following. 

Claim 6.9. Let V be a threefold with cDV singularities and let T C Sing(V) 
be an one- dimensional irreducible component. Assume that the curve T is 
smooth. Then the blowup o: V — > V of the curve T as a reduced subscheme 
is crepant. In particular, V is normal and has only cDV singularities. 

Proof. The problem is local. Hence we may assume that V is an analytic 
neighborhood of some point P e T. Thus we may assume that V is a 
hypersurface singularity, given by the equation 

if) (x,y,z) +ti/) 1 (x,y,z) + t 2 ip 2 (x,y,z) H = 0, 

where i/j (x,y,z) = is an equation of a Du Val singularity, and the curve 
T is given by the equations x = y = z = 0. Since V is singular along T, 
mult (0,0,0) ipk ^ 2 and since V has only cDV singularities, mult( ,o,o) 4>o — 2. 
Then in the chart i^O the variety V is given by the equation 

*jjo(x,yx, zx)x~ + tip\{x, yx, zx)x~ + t 4>2{x, yx, zx)x~ + ■ ■ ■ = 0. 

Here ipo(x,yx, zx)x~ 2 is not divisible by x and ipo(x, yx, zx)x~ 2 = is an 
equation of a smooth or Du Val point. This shows that V has only cDV 
singularities in our chart and the fiber over the point P is one-dimensional. 
By symmetry the same is true in other charts. Therefore all the components 
of the exceptional divisor are surjectively mapped to T. It is easy to see by 
the Adjunction Formula that the morphism a is crepant. □ 

Case (B) is considered in a similar way. Lemma 16.81 is proved. □ 

Now run the Kw + JCviz-Minimal Model Program. On each step relation 
(16.41) is kept, so the log divisor K + 0~C = —B can not be nef. At the 
end we get a canonical pair (X, Vix) and Kx + !Kx-negative contraction 
/: X — > Z to a lower- dimensional variety Z. Moreover, X has only Q- 
factorial terminal singularities (however X is not necessarily Gorenstein). 
By Lemma [3.11 the pair (X,Lx) is canonical and Six C | — Kx\- The Fano 
threefold V = Vi g -i C P 9+1 is the image of X under the birational map 
defined by the linear system Six- According to (16.41) we have 

K x + K x + B x ~ 0. 
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By Lemma 16.51 the image $:k x {X) is three-dimensional. In particular, the 
linear system "Kx is not a pull-back of a linear system on Z, i.e., 'Hx is 
ample over Z. 

Everywhere below we assume that — K v > 72. Then according to (12.31) 
we have dim | — Ky\ > 38 and dim IK > 35. Hence 

(6.10) dim | -K x \ > dimL x = dim | - K v \ > 38, 

(6.11) dim|#| > dimK > 35, 

where H G %x is a general divisor. 

For Z there are only the following possibilities: a) Z is a point, b) Z is a 
curve, and c) Z is a surface. In case b), a general fiber X v is a nonsingular del 
Pezzo surface and divisors H\x n and —(Kx v + H\x v ) are ample. Therefore, 
X v ~ P 2 or P 1 x P 1 . Below, in next sections, we consider cases according 
to the dimension of Z and the type of the fiber X v . In each case we obtain 
contradiction with (I6.10l) - (l6.1ip or show that in (I6.10p equalities hold. In 
the last case | — Kx\ = and the birational map X --■> V is given by the 
complete linear system | — Kx\- Then it is easy to show that, for V, there 
are only two possibilities as in Example 11.41 

7. Case: Z is a point 

7.1. In this section we consider the case, when Z is a point. Then p(X) = 1 
and X is a Fano threefold with Q-factorial terminal singularities. In this 
situation PicX ~ Z (see, e.g., [IH Prop. 2.1.2]). Let G be an ample Cartier 
divisor that generates PicX. We can write — K x = rG and "Kx ~ a G for 
some r G Q, r > and a G N. Such an r is called the Fano index of X. 
Since the divisor —{Kx + 'Kx) is ample, we have r > a > 1. 

Proposition 7.2. Notation as m l7.lt Then dim | — fT^I < 34. 

Proof. If X has only Gorenstein singularities, then by Theorem 11.31 we have 
dim | — Kx\ < 34. Therefore X has at least one point of index > 1. Below 
we use the following theorem. 

Theorem 7.3 ([31]). Let X be a Fano threefold with terminal singularities. 
Assume that X has at least one point of index > 1 and the Fano index r > 1. 
Then there is one of the following embeddings of X into a weighted projective 
space {we use numeration of [3"T]): 

[1] X = X 6 C P(l, 1, 2, 3, i), i = 2, 3, 4, 5, 6, r = 1 + l/i; 

[2] X = X t CP(l, 1,1,2, i),i = 2,3; 

[3] X = X 3 CP(1,1,1,1,2); 

[5] X = P(1,1,1,2). 

Recall that a weighted projective space P = P(iuq, . . . , w n ) is said to 
be normalized if gcd(wo, • • • , Wj-i, Wj + i, . . . , w n ) = 1 for j = 0, . . . , n. 
Under this condition, the canonical divisor is computed by the formula 
Op{K P ) = Op{—J2dj). All weighted projective spaces P in Theorem 17.31 
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are nonsingular in codimension 2. Therefore, in cases [l]-[3], the standard 
the Adjunction Formula Kx = {K F + X)\x holds. From the exact sequence 

— > O w (-K ¥ - 2X) — > O f (-K p - X) — > Ox(-i^x) — > 

and the vanishing if 1 (P, (9p(— ifp — 2X)) = it is easy to compute the 
dimension of | — Kx\- Here we use the fact that H (F,O(d)) is naturally 
isomorphic to the component of degree d of the polynomial ring C[xo, • • • , x n ] 
with graduation given by degxj = Wj. Then in [l]-[3] the maximal value 
dim | — Kx\ = 30 is achieved in case [1] for % = 6. In case [5] we have 
-K x ~ 0(5) and dim | - K x \ = 33. □ 

8. Case: X v ~ P 2 

Since H l (Z, Oz) = H X (X, Ox) = (by the Kawamata-Viehweg Vanishing 
Theorem), Z ~ P 1 . Let if G CKx be a general element. The divisor — (Kx v + 
H\x v ) is ample, so H\x n ^ Opa(l) or C P 2(2). 

8.1. First we consider the case H\x~ — 0p 2 (l)- The following fact is well- 
known (see, e.g., [10]). For convenience of the reader we give the proof. 

Lemma 8.2. If H\x n — 0pa(l) ; then f is a F 2 -bundle. 

Proof. Let S = g*P be an arbitrary fiber. Then H 2 -S = H 2 -X v = 1. There- 
fore S is reduced and irreducible. Since the morphism / is flat, the function 
X (X z ,0 Xz {H)) is locally constant. Thus, X {S,O s (H)) = X {0 F 2, O p2 (l)) = 
3. On the other hand, h 2 (S,O s (H)) = h°(S,uj s ® O s (-H)) = 0. Hence, 
h (S,O(H)) > 3. Recall the definition of A-genus of a polarized variety 
(F,M) (see 0): 

A(F,M) =dimy + M dimy -/i°(r,M). 

It is known that A(Y, M) > and in case A(Y, M) = the variety Y is nor- 
mal and the sheaf M is very ample [9]. In our case we have A(S, Os{H)) < 
and O s {H) 2 = 1. Hence, S ~ P 2 . □ 

Proposition 8.3. Let X — » Z = P 1 6e a P 2 '-bundle. Assume that the pair 
(X, \—Kx\) is canonical. Then dim\—Kx\ < 38. Moreover, z/dim|— K x \ = 
38, then X = P(C P i(6) © O f i(2) © C P i) and i/ie anti- canonical image of X 
is the weighted projective space P(6, 4, 1, 1). 

8.4. We may assume that X = Ppi(£), where 

£ = Opi(di) © 0pi(d 2 ) © Opi(d 3 ), d 1 >d 2 >d 3 = 0. 

Denote the class of the fiber of / by F and the tautological divisor by M, 
i.e., a divisor such that Ox(M) ~ Pp(£)(l). Put d := ^d^. The relative 
Euler sequence gives us 



-K x ~ 3M + (2 - d)F. 
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Further, put £' := 0^{d x ) © F i(d 2 ). Then 



(8.5) H°(X, O x {-K x )) = H° (¥{£), O m (3) © f*O w i{2 - d)) ~ 
H°{F\ S 3 £ ® C P i(2 - d)) = F°(P\ S 3 £'(2 - d))© 
H°(F\ S 2 £'(2 - d)) © H°{F\ £'(2 - d)) © H°(F\ O p i(2 - d)), 

where 

rn 

H°(F\ 5 m £'(2 - d)) = H°(F\ + (m - z)d 2 + 2 - d)). 

On the other hand, the pair (X, |— Kx\) is canonical (because |— Kx\ 3 <&x)- 
In particular, the linear system | — Kx\ has no fixed components and its 
general member has at worst isolated singularities. 

It is clear that H°(X, M - d x F) ~ #°(P\ £(-di)) ^ 0. Therefore there 
exists an effective divisor D ~ M — d±F '. Since the divisor M is nef, —Kx ■ 
D ■ M > 0. Using Hirsch formula M 2 = dM ■ F we can compute —K x -D-M 
and obtain 

2d 2 + 2 - di > 0. 

If now d 2 = 0, then d\ = d < 2 and by (18. 5p we get dim | —Kx\ = 29. Assume 
that d 2 > 0. Consider the decomposition £ = £' © C P i and let C C X be 
the section, corresponding to the surjection £ — ► O. A general section L G 
| — ETx| — |3M + (2 — d)F| has multiplicity < 1 at the general point of C and 
the curve C is given by vanishing of all sections in if°(P 1 , £') C /f°(P 1 , £). 
Therefore, in the sum (18. 5p . the term H°(F 1 , £'(2 — d)) does not vanish. This 
means that di + 2 — d > 0. Thus, d 2 < 2 and di < 2d 2 + 2 < 6. Using these 
inequalities we get the following possibilities for (di,d 2 ): 

(1, 1), (2, 1), (2, 2), (3, 1), (3, 2), (4, 1), (4, 2), (5, 2), (6, 2). 

By (18.51) we can immediately compute that dim | — Kx\ < 38. The equality 
holds only for (di, d 2 ) = (6, 2). The last statement of Proposition 18.31 follows 
from the Fano construction (see [12, Ch. 4, Remark 4.2]). This proves 
Proposition 18.31 

8.6. From now on to the end of this section we assume that X^ ~ P 2 and 

We prove the following. 

Proposition 8.7. In notation \8.6\ there exists a Kx + L-crepant birational 
map X -~> Xq onto a F 2 -bundle Xq over Z . 

This implies Theorem 11.51 in case 18.61 Indeed, by Proposition 18.31 we have 
dim£ = dim£x ^ dim | — Kx \ < 38. Moreover, if equalities hold, then 
images of X and X under birational maps defined by linear systems £ and 
| — Kx 1 coincide. 

Lemma 8.8. Let S = f*zo, zq e Z be a reduced fiber. Then 
(i) S is a normal surface; 
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(ii) S ~ P 2 or W 4 ; 

(iii) the pair (X, S) is purely log terminal. 

Proof. As in the proof of Lemma 18.21 we have h (S,O(H)) > 6 and 
A(S, Os{H)) = 0. Therefore the surface S is normal and there is an embed- 
ding S P 5 whose image is a surface of degree 4 (because Os(H) 2 = 4). 
It is well-known that in this situation for S there are only possibilities in 
(ii). The statement (iii) follows now by Inversion of Adjunction [371 3.3, 9.5] 
(because X is nonsingular in codimension 2). □ 

Corollary 8.9. The bundle f: X — > Z has no multiple fibers. □ 

Proof. Assume that f*Zo = mS is a fiber of multiplicity m > 1. Consider X 
as a small neighborhood of 5 and consider the base change 

X^X' 

r 

Z^—Z' 

$ 

where ip is a covering locally given by i — > t m and X' is the normalization 
of the dominant component of X x z Z' . Then ip is a finite cyclic covering of 
degree m which is etale outside of SingX. Put 5" := ip^i^S). Then 5" is a 
Cartier divisor and coincides with the scheme-theoretical fiber: 5" = f'*z' Q , 
where z' Q = ^ _1 (zo)- Since SingX is a finite set, components S' can intersect 
each other only in a finite number of points <£> -1 (SingX). This contradicts 
Lemma 18.101 below. Therefore the fiber 5" is irreducible and reduced. By 
Lemma \8. 8\ S' ~ P 2 or W4. However a cyclic group acting on P 2 or W4 has 
a curve of fixed points. A contradiction shows that m — 1. □ 

Lemma 8.10. Let P EY be a three-dimensional terminal singularity and 
let D' , D" be effective Weil divisors such that D = D' + D" is Cartier. Then 

SuppD'nSupp/r > 1. 

Proof. Assume that Supp -D'flSupp D" = {P}. It is clear that we can replace 
P G Y with its canonical covering. Thus we may assume that P G Y is an 
isolated hypersurface singularity. Then D is a locally complete intersection 
and Supp D' n Supp D" = {P} which is impossible. □ 

Corollary 8.11. If S ~ P 2 , then X is nonsingular along S. If S ~ W4 ; 
then X has exactly one singular point which is the vertex of the cone W4 
and this point is analytically isomorphic to 

(8.12) { Xl x 2 + x 2 3 + x2 = 0}//x 2 (l, 1,1,0), n >1. 

Proof. If the variety X is singular at some point P G S, then so is the 
surface S (because S is a Cartier divisor). Assume that S ~ W4. Then the 
(Gorenstein) index of the vertex O G S is equal to the index of the point 



1 There is a gap in the proof. See |math. AG /0604468 , Lemma 5.9] for corrections. 
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O e X. Therefore O G X is a point of index 2 (in particular, this point is 
singular). Now we consider X 3 O as a small neighborhood and consider the 
canonical /z 2 -covering X' — > X near O. This induces the covering S' — > S, 
where S' — C 2 //x 2 (l, 1, 1), i.e., S' is a singularity of type A\. Since 5" C X' 
is a Cartier divisor, we may assume that X' 3 O' is given by the equation 
X1X2 + x\ + X40(xi, X2, x$, X4) and /j, 2 ac ^ s 011 x i,%2,%3 by Xi — > — x«. The 
rest follows by the classification of terminal singularities. □ 

Lemma 8.13. Let X 3 O be a singular point of the form (18.121) . let 

a: X — > X be the weighted blowup with weights |(1, 1,1,2) and let E be 
the exceptional divisor. Then 

(i) E~W 4 forn>2 and E ~ P 2 /or n = 1; 

(ii) a(E) = 1/2; 

(iii) if n = 1, then the variety X is nonsingular, if n > 2, then X 
has exactly one singular point at the vertex O4 e W4 which (up to 
analytic isomorphism) has the form 

(8.14) { Xl x 2 + x 2 3 + xl~ x = 0}//x 2 (l, 1, 1, 0). 

Proof. The divisor E is given in P(l, 1, 1, 2) by the equation X\X 2 + x\ = 
for n > 2 and X1X2 + x 2 + x\ = for n = 1. This implies (i). Computations 
of discrepancies in (ii) is the standard toric technique. We prove (iii). The 
variety X is covered by four afline charts C/j. The map X — » £/j ~ C 4 is 
given by the following formulas 

( \ ( V 2 1/ 2 V 2 \ 

In this chart X = {X2 + x\ + x^x™ -1 } is nonsingular. Computations for U2 
and Z/3 are completely the same. 

The map X --■> U4 ~ C 4 //x 2 (l! 1? 1>0) has the form 

, x / 1/2 1/2 1/2 x 

^Xi, X2, X3, X4J > v XiX 4 ,X2X 4 , X3X4 ,X4j 

Thus, in this chart, X = {X1X2 + x\ + X4 _1 }//x 2 (l, 1, 1,0) has exactly one 
singular point at the origin. The rest is obvious. □ 

To finish the proof of Proposition 18.71 we consider the weighted blowup 
a : X — > X as in Lemma 18.131 Then 

K jt + S = a*(K x + S)--E, a*S = S + E 

(because S is Cartier and the pair (X, S) is purely log terminal). Therefore 
the pair (X, S+-E) is also purely log terminal. Hence S is a normal surface. 
Note that the divisor 

Ks = {K k + §){§ = ~E\s + o\K x + S)\§ 

is cr|^-ample. Therefore S is the minimal resolution of the singularity S ~ 
W4, so S ~ F4. Since the surface S is nonsingular, so is the variety X along 
S. It is clear that S D E is the minimal section E on S ~ F4. Let / be a fiber 
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of the projection S ~ F4 — > P . Note that the intersection S H E is reduced 
at the general point (because the pair (X,S + ^E) purely log terminal). 
Then S ■ I — a*S ■ I — E ■ I = — £•/ = — 1. According to the contractibility 
criterion there exists a birational contraction tp: X — > X n _i over Z which 
contracts the surface 5*. The curve tp(S) is contained in the nonsingular 
locus of X n -\. The variety X n _i has exactly one singular point and this 
point has the form (I8.l4p . Continuing the process we get the following series 
of birational transformations over Z: 

X = X n --■> X n ^i — - » • ■ • — - » Xi — » x 

On the last step the variety X is nonsingular. Thus, X — » Z is a P 2 -bundle. 
This proves Proposition 18.71 

9. Case: X v ~ P 1 x P 1 

9.1. In this section we assume that /: X — > Z is an extremal Mori contrac- 
tion with general fiber X v ~ P 1 x P 1 . Let H e ^Kx be a general element. 

Lemma 9.2 (cf. [20, 3.5]). There exists an embedding of X into a P 3 - 
bundle over Z such that every fiber X v is a reduced irreducible quadric (in 
particular, X is Gorenstein and every Weil divisor on X is Cartier)^ 

Sketch of the proof. Let f*zo be an arbitrary fiber. Similar to Lemma 18.81 
and Corollary 18.91 one can prove that f*zo is an irreducible reduced normal 
surface isomorphic to P 1 x P 1 or a quadratic cone W2. Therefore the divisor 
H is relatively very ample over Z and defines the desired embedding. □ 

9.3. Thus there is an embedding X "—>■ P over Z, where 

1 

p = p(£), e = 0o pl (^) 

i=l 

and X n C P^ is a quadric. Put d = ^ dj. We can chose d{ so that d\ > di > 
ds > g?4 = 0. Let M be the tautological divisor on P and let F be a fiber of 
the projection tt : P — > Z. 

We prove the following. 

Proposition 9.4. //, in notation \9.3\ dim | — Kx\ > 38, then there exists a 
Kx + £j-crepant birational map of X onto a P 2 -bundle over Z . 

As in £j8]this is sufficient for the proof of Theorem [13] in the case X v ~ P 1 x 
P 1 . Recall well-known facts which are consequences of the Hirsch formula 
and relative Euler sequence. 

Lemma 9.5. (i) Pic P = Z ■ M © Z ■ F; 

(ii) M 4 = d, M 3 -F = l, F 2 = 0; 

(iii) -K P = AM + (2 - d)F . 

2 There is a gap in the proof. See |math. AG /0604468 , Lemma 5.9] for corrections. 
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Thus X ~ 2M + rF for some r G Z. Put G := M| x and Q := F\ x . By 
the Adjunction Formula 

-K x = 2G + (2 - d - r)Q. 
Corollary 9.6. In £/ie above notation, we have PicX ~ Z • G © Z • Q. 
Lemma 9.7. We may assume that d + r > 3. 

Proof. If d + r < 2, then the divisor — Ax is ample (because \G\ and |Q| are 
base point free linear systems). By the classification of three-dimensional 
nonsingular Fano threefolds we have dim | — Ky \ < dim | — Kx\ < 34. 

Now let d + r — 2. Then — Kx = 2G. In this situation a general member 
of the linear system \G\ has only Du Val singularities (see, e.g., [21]). By 
the Adjunction Formula — Kg is nef and big. Since dim | — Kx\ > 38, as 
in (J23D we have -K% > 72. Hence, K G = -\K X > 9. On the other 
hand, applying Noether formula to the minimal resolution G — > G we get 
^ < 9. Moreover, equality holds only if G = G ~ P 2 (cf. [TTIjl . But 
the last contradicts the fact that G ~ P 2 has no nontrivial morphisms to a 
curve. □ 

We can write —Kx ~ H + B, where i? is an effective divisor. By Corollary 
MM H ~ G + and 5 ~ G - (d + r + a - 2)Q for some a G Z. 

Lemma 9.8. d + 2r < 6. 

Proof. Since the divisor if is nef, 

< {-K x ) ■ B ■ H = 2(6 - d - 2r). 
This proves the statement. □ 
Lemma 9.9. r < 0. 

Proof. Assume that r > 0. Then d < 6. Since B?f*(O x (H)) = for i > 
(see Lemma [4. 41) . 

h°(Ox{H)) = h (O^(E(a))). 

If a < 0, then h°(O x (H)) < h°(O v i(E)) = d + 4 < 10. If a > 0, then we 
have a<2 + di — d — r (because S effective) and 

h°(O x (H)) = d + 4 + 4a < 12 + 4di - 3d - 4r < 24. 

In both cases we have a contradiction with our assumption ( 16. lip . □ 

The linear system |M| has no fixed components and base points and de- 
fines a birational contraction of P onto a cone in P d + 3 . The subvariety 
C := P(© ( i i= oOpi(d i )) is contracted to the vertex of the cone. This subvari- 
ety is swept out by curves V such that M-Y = 0. Since r < 0, C is contained 
in A. If dimC = 2, then we have a contradiction with p(X/Z) = 1. There- 
fore C is a curve. 
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Proof of Proposition ^. 41 Since d + r > 2, we have — iTx • C < 0. Therefore, 
C C Bs | -K x | • Let a : (P D X) -> (P D X) be the blowup of C. Then -X^ 
is an ample over X Cartier divisor and the exceptional divisor E C X of 
the contraction a : X — > X is irreducible. Since the variety X is nonsingular 
in codimension 1, it is normal. It is clear that a(E, e K) = 0. Therefore 
the contraction cr is crepant: K x + "K = a*(Kx + t K)- Thus X' has only 
Q-factorial canonical singularities and p(X'/Z) = 2. Note that the divisor 
a*G — E is nef over Z (i.e., it is nef on the fibers of / o a: X — * Z). A 
general fiber Q of the morphism / o a is isomorphic to a blowup of a point 
on Q ~ P 1 x P 1 . Therefore on Q there are exactly two curves Ci, C% having 
intersection number with o~*G — E. These curves are is proper transforms 
of generators C±, Ci passing through the point QnC. Therefore the divisor 
a*G — E defines a supporting function for an extremal ray on NE(X/Z) 
and the linear system \n(a*G — E)\ for n ^> gives an extremal birational 
contraction ip: X — > X' over Z. The morphism ip contracts the divisor 
swept out by Ci to a curve. This shows that a general fiber of the morphism 
X' — > Z is isomorphic to P 2 . Further, we can write o~*G — E = ijj*G' for 
some ample over Z Cartier divisor G' on X' . Let Q' be an arbitrary fiber 
of the morphism X' -> Z. Then (G') 2 ■ Q' = (a*G - E) 2 ■ G = 1. As in 
§8] one can prove that Q' ~ P 2 . Therefore X' — > Z is a P 2 -bundle. Since 
C C Bs | — iCx|j the map X — » X' is crepant. □ 

10. Case: dimZ = 2 

In this section we assume that Z is surface. The proof of the following 
Lemma is a particular case the proof of Theorem 11.8 in [10]. Let if be a 
general member of the linear system "Kx- 

Lemma 10.1. The surface Z is nonsingular and the contraction f ': X — > Z 
is a F 1 -bundle. 

Proof. If Cgen is a general fiber, then C gcn ~ P 1 , —Kx-C gen = 2 and H-C gen = 
1. Let C = / _1 (-P)red be an arbitrary fiber with the reduced structure and let 
m := H-C. For an ample divisor A on Z and a, b 3> 0, we consider a general 
divisor 5 G |aif + &f°M.|. By Bertini's theorem S is a nonsingular surface 
meeting C transversally at ma points. Therefore the restriction f\s' S — > Z 
is a finite morphism of degree ma > a near C. On the other hand, the degree 
of f\s is exactly a (because S meets a general fiber at a points). Thus the 
morphism f\s is etale near C and the point P £ Z is nonsingular. From this 
we immediately infer that / is flat (see [T9l 23.1]) and every fiber f~ 1 (P) 
is a reduced irreducible curve arithmetic genus 0. Hence, f^ 1 (P) ~ P 1 (in 
particular, / is smooth). □ 

The surface Z is rational (because, for example, H X {Z, Oz) = 
H l (X, Ox) = and Z is dominated by a component of the divisor B which 
is a birationally ruled surface, see Remark 16. 7p . Put £ := f^OxiH)- Then 
£ is a rank 2 vector bundle and X ~ P(£). 
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We fix the following notation and conventions: 



10.2. Let Z be a nonsingular rational surface and let X be the projectiviza- 
tion of a rank 2 vector bundle £ over Z such that the pair (X, £ C | — Kx\) 
is canonical. Assume that there is a decomposition —Kx ~ H + B, where 
H and B are effective /-ample divisors (sections of /), the divisor H is 
nef, and the image of the map <&\h\ given by the linear system \H\ is three- 
dimensional. Assume also that (X, G) is a generating 0-pair for some bound- 
ary 0. 

Proposition 10.3. In notation 110.21 we have dim\H\ < 37. Moreover, if 
dim | if | > 36, then dim | — K x \ = 38 and the anti- canonical image of X is 
the weighted projective space P(3, 1, 1, 1). 

Assume that the surface Z contains a (— l)-curve. We use notation of 
Lemma I57T1 By this lemma we can construct a sequence of birational trans- 
formations 

X = X 1 --^X 2 = X'--^ ^X N 



f=h 



h 



Z\ — >• z 2 — z 



/a 



where each square is one of transformations (iii)-(v). In case (v) we put Z\ = 
Zi + \. If on some step the invariant n > 2, then we apply the transformation 
(v) decreasing n. If n = or 1, then we apply the transformation (iii) or 
(iv) respectively. In these cases the (— l)-curve on the base is contracted 
and our sequence terminates (i.e., this is possible only on the last step). 

Lemma 10.4. In notation above for the variety Xx/ Zx all conditions of 
110.21 hold. Moreover, dim|ifjv| >dim|if|. 

Note however that the canonical property of (X, \H\) is not preserved 
under out transformations. 

Proof. For n < 1 the map X' --■» X does not contract any divisors. By 
Lemma [3.11 the pair {X',L>') is canonical. For n > 2, we have Kx • S < 0. 
Therefore, £ C Bs£ and the morphism a is crepant. By Lemma 13.31 the 
pair (X f , &') is canonical. So the canonical property of the pair (X, &) is 
preserved. 

Let Hx and Bx be proper transforms of H and B on Xx- Note that the 
map ip : X\ — - > Xx is an isomorphism on X\ \ D and ip{D) is contained in a 
fiber T of the projection fx '■ Xx — > Zx- This shows that —Kx N ~ Hx+Bx- 
Consider a "Hironaka hut" 



and write 

where Hjj and Djj are proper transforms of Hi and D on U, are prime 
divisors which are exceptional for ^> 1; as well as for ip Nl and a i: b i: d > 0. 
Then the divisor 

ij>ih - r N H N = - b ^ E * - dDu 

is nef over X N . By [371 1-1] we have a« < 6j and d > 0. Let G be an 
irreducible curve on X x and let (7 C U be an irreducible curve dominating 
C. If C — T, then Hn ■ C > (because p{X^jZjq) = 1). Assume that 
G ^ T. Since ip N (Ei), tp N (Du) C I\ we have • G > and • C > 0. 
Hence 

ip x H N ■ C = tplH ■ C + J2( b i ~ a i) E * ■ & + dD u • G > 0. 

This implies immediately the numerical effectiveness of H^. The lemma is 
proved. □ 

Corollary 10.5. In notation \10 .21 we may assume that Z ~ P 2 orF e , e ^ 1. 

Proof. If Z contains a (— l)-curve C, then by Lemmas 15.71 and 110.41 we can 
contract it. All the properties 110.21 are preserved. □ 

Lemma 10.6. Let T C Z be a nonsingular rational curve such that dim |T| > 
and let £| r ~ ¥ i{d x ) + Opi(d 2 ). Then \d x - d 2 | < 2 + T 2 . 

Proof. Let m = | c?i — d 2 \ and G := (7 _1 (r). Then G ~ F m . We have 

-2 + m = -2 - E 2 = K G • E = K x • E + G ■ E = K x • E + T 2 . 

Since the linear system | — has no fixed components, i^x ■ S < and 
m<2 + T 2 . □ 

From now on we assume that dim \H\ > 36, i.e., h°(Z, £) = x(£j ^) > 37 
(see Lemma [4.4ft . For simplicity we put q := Cj(£), i = 1, 2. Then 

-K x = 2H + r(-K z - Cl ), 

H 2 = H-r Cl -f*c 2 , H 3 = cj-c 2 . 

Recall the Riemann-Roch formula for rank 2 vector bundles over a (rational) 
surface Z: 

(10.7) X {Z) = \{c\-2c 2 -K z - Cl ) + 2. 

Since L D 5 is an effective 1-cycle, for any nef divisor N on Z we have 

(10.8) < -K x ■ B ■ f*N = 

(2H + f*(-K z - Cl )) ■ (H + f*(-K z - Cl )) ■ f*N = 
2H 2 ■ f*N + 3(-K z -c x )-N = 

2 Cl -N + 3(-K z - ci) • N = -3K Z -N- Cl -N. 

33 



Hence, 

(10.9) d ■ N < -3K Z ■ N. 

Case: Z ~ P 2 . Taking into account natural isomorphisms if 2 *(P 2 ,Z) ~ Z 
we assume that c\ and C2 are integers. Inequality ( 110.9[) give us < c\ < 9 
and by fTHTTj) 

c\ + 3ci - 2c 2 > 70. 

Corollary 10.10. If £ is decomposable, then £ ~ 0(3) © 0(6) and dim | — 
K x \ = 38. 

Proof. Let £ ~ 0{d) © Oid + m), where m > 0. Then <i > (because £ is 
nef). Since C\ = 2d + m and C2 = d 2 + dm > 0, 

2d 2 + 2dm + m 2 + Qd + 3m > 70. 

Taking into account that m < 3 (Lemma 110.61) and < 2d + m < 9 we get 
c? = m = 3. □ 

Thus ^ Lx (X) = P(3, 1, 1, 1) if £ decomposable. Further, we assume that 
£ indecomposable. We claim that C\ < 8. Indeed, if C\ = 9, then in (110.91) 
and (110.81) equalities hold. Thus, —Kx • B ■ f*N = for any ample divisor 
iV on P 2 . Then for a general divisor L G | — Kx\, the intersection L n B is 
composed of fibers of /. Therefore the divisor — Kx is nef (otherwise there 
exists a horizontal curve R such that L- R < and B ■ R = (L — H) ■ R < 0). 
Let B be a horizontal component of B. It is easy to see that —Kx ■ -Bo ' 
/*jV = • (B - B ) • /*iV = 0. Hence B = B and B is contracted 

by the morphism $|_ n x x | to a point. In this case, the vector bundle £ is 
decomposable. The contradiction shows that c\ < 8. 

10.11. There are two possibilities: 

a) Ci odd. Put Ci = 2m — 3. Then 2 < m < 5 and 2m 2 — 3m > 35 + C2. 
It is easy to see that 

Ci(£(— m)) = —3, C2(£(— m)) = C2 — m 2 + 3m < m 2 — 35 < 0. 

b) ci even. Put c\ = 2m — 2. Then 1 < m < 5 and 2m 2 — m > 36 + C2. 
Here 

Ci(£(— m)) = —2, C2(£(— m)) = C2 — m 2 + 2m < m 2 + m — 36 < 0. 
In both cases by the Riemann-Roch formula and Serre Duality we obtain 

h°(£(-m)) + /i°(£(-m) © det £(-m)* © 0(-3)) > x(£(-m)) > 1- 

Therefore, B°(£(— m)) 7^ 0. Let s G H°(E(—m)) be a nonzero section. If 
s does not vanish anywhere, then there is an embedding O ■=— > £(— m) and 
£(— m) is decomposable. Let ^ 7 C F 2 be the zero locus of s. Since 
c 2(£( — m )) < 0, dimy = 1. Choose a general line T C P 2 and let the 
intersection r R K consists of k points. Put r := — Ci(£(— m)) (r = 2 or 3). 
Then £(-m)| r = 0(k) © 0(-r - k). By Lemma [MS] we have 2k + r < 3. 
Hence, /c = and K = 0, a contradiction. 
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Case: Z ~ F e . 



Lemma 10.12. If Z ~ F e , t/ien e < 4. 

Proof. Indeed, let L — > L — > Z be the Stein factorization. Here 
n: L —>■ Z is a double covering, where L is a K3 surface having only Du 
Val singularities. By the Hurwitz formula, Ki = tt*(Kz + where 
R G | — 2ifz| is the ramification divisor. But the linear system | — 2Kf e \ 
contains a reduced element only if e < 4. □ 

10.13. Taking into account natural isomorphisms H 2 (¥ e , Z) ~ Z ■ E © Z • Z 
and if 4 (F e , Z) ~ Z we may assume that c\ = aE + bl and C2 = c, where 
a, 6, c are integers. From (110. 9p and (110. 7j) we obtain 



a = ci • / < -3fsT z ■ Z = 6, 6 = ci • (E + el) < -3K Z ■ (E + eZ) = 3(2 + e), 

(10.14) x(£) = -^ea(a + 1) + a6 + a + o - c + 2 > 37. 

Since £ is nef, C\ = aE + 6/ is a nef class, so 

b > ea, a > 0. 

Put 

p := [a/2\ +1, g := [o/2j +1, a' := a - 2p, b' := b - 2q. 

Then 

-2 < a', 6' < -1. 
Consider the twisted bundle £' := £ <E> C>F e (— pE — gZ). We have 

(10.15) ci(£') = a'E + 6'/, C2(£') = c + eap — aq — bp — ep 2 + 2pg. 

Claim 10.16. (i) c 2 (£') < -2. 

(ii) I/c 2 (£') = -2, then a! = -1. 

(iii) 7/c 2 (£') > -3 ; tfien b' = -2. 

Proof. Taking into account (I10.14p we get 

C2(£') < — -ea(a + l)+ao + a + o + 2 — 37 + eap — aq — bp — ep 2 + 2pg = 

111 11 

ea 2 ea H — a6 + a + 6 — 35 ea' 2 H — a'o' < 

4 2 2 4 2 ~ 

- -Ua 2 + (4 + e)a - 29 + 3e + max{-e + 2, -l/4e + 1}. 

If e = 0, then 

c 2 (£') < 4a - 29 + 2 < -3. 

Moreover, the equality holds only if a = 6. In this case, 6 = 6 and b' = —2. 
Let e = 2. Then 
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c 2 (£') < - l -a 2 + 6a - 23 + - < -3. 



Let e = 3. Then 

3 1 
c 2 (£') < — a 2 + 7a - 20 + - < -3. 
v 7 ~ 4 4 

Finally consider the case e = 4. Then 

c 2 (£') < -a 2 + 8a - 17 - -ea' 2 + -a'b' < -a 2 + 8a - 17. 

Assume that c 2 (£') > —3. Then 3 < a < 4 (we keep in mind that ea < b < 
3(2 + e)). If a = 4, then a' = -2 and c 2 (£') < -5 - 6'. Hence c 2 (£') = -3 
and 6' = —2. Let a = 3. Then a' = —1 and c 2 (£') < —3 — b'/2. Therefore, 

-3<c 2 (£') < -48 + h-h'. 
This is possible only if b = 18, b' = —2. □ 
Claim 10.17. x(£') > 0. 

Proof. Put d := c(£'). By Riemann-Roch we have 

*(£') = \ b' - ^ea'^j (a' + l) + a'-c' + 2. 
Assume that — 0- Taking into account Claim [TO. 161 we obtain 

b' - -ea' I (a' + 1) + a' < c' - 2 < -4. 



2 

Hence a' 7^ —1. Therefore, a' = — 2 and again by 110. 161 we have 

1 - e < -b' - e < d < -3. 
Thus, e = 4, 6' = — 1 and d = —3. This contradicts Claim [TO. 161 □ 
Claim 10.18. H°(E') ^ 0. 

Proof. Assume that H°(E') = 0. By Claim MJ7\ we have # 2 (£') ^ 0. By 
Serre Duality 

# 2 (£')* ~ i?°(£'* ® u z ) ~ ff°(£' ® det £'* ® w z ). 

On the other hand, (det £'* ® lu z )* = O z {{a' + 2)E + (6' + (e + 2))Z) and 
F°((det £'* ® cj z )*) ^ 0, a contradiction. □ 

10.19. Consider a nonzero section s G H°(8.'). If s does not vanish any- 
where, then £' is an extension of some line bundle £1 by O. But then 
c 2 (£') = c 2 (£i) = 0. This contradicts Claim 110.161 Therefore, as in the 
case Z = P 2 , the zero locus of s contains a curve Y. Let Y ~ q{L + o^- 
Then restrictions £' to general curves / G |Z| and /' G |S + el\ are 
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£'|, = Q{q x ) © 0{a! - q x ) and £'|,, = 0(g 2 ) © 0(6' - g 2 ). By Lemma MM we 
have 

2qt - V < 2, 
2g 2 - a' < 2. 

Since —a', —6' > 1, this gives us a contradiction. Proposition 110.31 and 
Theorem 11.51 are proved. 

Now we assume that — K v = 72. Then by Proposition 110.31 we may 
assume that dim|if| = 35. This is possible only in case (B). As above 
applying Lemmas 15.71 and 110.41 we get the situation when Z contains no 
(-l)-curves. Therefore, Z ~ P 2 or Z ~ F e , e = 0, 2, 3, 4. 

First we assume that Z ~ P 2 . According to Proposition 15.21 the divisor 
— Kx can not be nef. Hence there is a curve R such that — Kx ■ R < and 
B ■ R = -K x -R — H-R < 0. Thus -K x ■ B ■ f*N > for any ample divisor 
N on Z. By fl 1 . 8 [) we get c\ < 8. Now the proof is completely similar to 
tTOTTl 

Assume now that Z ~ F e , e = 0, 2, 3, 4. We use notation of 110.131 If 
x(£') > 0, we get a contradiction similar to 110.191 Assume that x(£') ^ 0. 
As above —Kx ■ B ■ f*N > for any ample divisor iV on Z. Hence a < 6 
or b < 3(2 + e). Using these inequalities as in Claim [TO. 161 we obtain the 
following. 

Claim 10.20. Let x(£) > 36. Then 02(6') < —4 with the following excep- 
tions: 



(i) c 2 (£') 


< 


-3, 


e 


= 3, 


a 


= 5, 


6 = 


15, 


a' = 


-1, 


V = 


-1 


(ii) c 2 (£') 


< 


-1, 


e 


= 4, 


a 


= 5, 


6 = 


18, 


a' = 


-1, 


V = 


-2 


hi) c 2 (£') 


< 


-I, 


e 


= 4, 


a 


= 3, 


6 = 


18, 


a' = 


-1, 


V = 


-2 


iv) c 2 (£') 


< 


-2, 


e 


= 4, 


a 


= 4, 


6 = 


18, 


a' = 


-2, 


V = 


-2 



By Riemann-Roch 

> x(£') = (V - ^ea'^ (a' + 1) + a' - d + 2. 

It is easy to see now that a' = —2 and > x(£') = — b' — e — c'. This 
is possible only in case (iv) and then c 2 (£') = —2, c 2 (£) = 20, x(£') = 0. 
Thus, Ci = 4S + 18/. But then H 3 = c\ — c 2 = 0. This contradicts the fact 
that the divisor H is nef and big. This completes the proof of Theorem 11.51 
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